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RREF v.s. Linear
Combination



Column Correspondence
Theorem

RREF
A=[a; - ay] >R =[ry - Ty

|f a; is a linear rj is a linear combination of the

combination of :> corresponding columns of R with
other columns of A the same coefficients

a; is a linear combination of the |f r; is a linear

corresponding columns of A <: comblnatlon of
with the same coefficients other columns of R




Column Correspondence
Theorem - Example

a, a, a3 a; a; a; rp r, ryg r, I
1 2 -1 2 1 2 1 2 0 0 -1

-1 -2 1 2 3 6 0 01 0 0
A_24—3203 R_00011
-3 -6 2 0 3 9 0 0 0 0 O

a, = 2a, () 1, =2,

a;=—a;+a, <(mmmmm) r;=-r+r,




Column Correspondence
Theorem — Intuitive |dea

a, +a, = as

6 9 15]
’ d1+d2—d3
b1+b2=b3‘ 5 2 1 15
9 2 11 ‘ _ 8 0 g
B=18 0 8] 3 —7 —4
6 9 15 c1+ € = C3

12 18 30
C=(8 0 8
9 2 11
Column Correspondence Theorem (Column F'a'?IEI’]ﬁ(Z%)

HEE row elementary operatlon 2 column &Y AN [F]

A Tl ok s A 52




Column Correspondence
Theorem — Reason

* Before we start:

. . RREF
Coefficient Matrix: A ) R

RREF
Augmented Matrix: [A b] ————— [R b’]

11 2 -1 2 1]2] 1 2 0 0 —1|-5
-1 -2 1 2 316 0O 01 0 01|-3
2 4 -3 2 013 0 00 1 112
-3 -6 2 0 3|9 10 0 0 0 0|0
(A b] [R b']




Column Correspondence
Theorem — Reason

e The RREF of matrix A is R
Ax = b and Rx = b have
the same solution set?

* The RREF of augmented matrix [A b]is[R b’]

Ax = b and Rx = b’ have %)

the same solution set
* The RREF of matrix Ais R

Ax = 0 and Rx = 0 have Ifb =0,
the same solution set « thenb’' = 0.




Column Correspondence
Theorem — Reason

* The RREF of matrix Ais R, Ax = 0 and Rx = 0 have
the same solution set

a, a, a3 a; a; rp r,r3 r, ro Ig
1 2 -1 2 1 27 1 2 0 0 -1 -5 |
-1 -2 1 2 3 6 0O 01 0 0 -3
d=145 4 3 2 0 3 B=10 001 1 2
-3 -6 2 0 3 9 0000 0 0 |
a, = 2a, 2 2 r,=2r,

Ax =0

& o &
-2a,+a,=0 {mmm) € -2r+r,=0

S o oo
=
|
=l N e



Column Correspondence
Theorem — Reason

* The RREF of matrix Ais R, Ax = 0 and Rx = 0 have
the same solution set

a, a, a; a, a; ag rpr,rr, ro I
1 2 -1 2 1 27 1 2 0 0 -1 -5 |
1 -2 1 2 3 6 0 01 0 0 -3
d=145 4 3 2 0 3 B=10 001 1 2
-3 -6 2 0 3 9 | 00 00 0 0
1 1
a- = —a.+a g =—r+r
> 1774 x =0 0 Rx =0 0 5@1 4
$ :

a,-a,+a,=0 {EmE) N <:>x: @ rrr=0

L 0 L 0 -

p—
p—




How about Rows?

* Are there row correspondence theorem? NO

1 2 -1 2 1 2 1 2 0 0 -1 =5
-1 -2 1 2 3 6 o o0 1 0 0 =3
A= 2 4 -3 2 0 3 ft = o 0 0 1 1 2
-3 6 2 0 3 9 0000 0 O
— _ a}j — _ 1"711
T T
A= az — R = 2 —;
as r3
! al —. i r, —
Spaniay, az,az,as} = Span{rq,ry, 13,14}

Are they the same?




Span of Columns

1 2 -1 2 1 2 1 20 0 -1

-1 -2 1 2 3 6 001 0 0

4= 2 4 -3 2 0 3 = 0O 0 0 1 1

3 6 2 0 3 9 00 0 0 0
A:[dl a6] R:[r1
Span{a1, -+ ,Q¢} Span {T'1,

Are they the same?

The elementary row operations change the

span of columns.




NOTE

* Original Matrix v.s. RREF
* Columns:

* The relations between the columns are the
same.

* The span of the columns are different.

* Rows:
* The relations between the rows are changed.
* The span of the rows are the same.



RREF v.s. Independent



Column Correspondence

Theorem
Mfﬂns Leading entries
12 | —1f|2 |1 2] '2—1—5'
PR A2 R N A RN o ()4 o -3
2| 4 |-3/[2]0 3| 3 Eo 1 2
-3 -6 2|l0|3 9 o/olo/\) 0o o
linear linear
independent independent

The pivot columns are linear independent.



Column Correspondence

Theorem

A}Otc\?{‘mns Leading entries
12 1|21 2” '@?/0—1—
—11-=21112 |3 6 010 0/ /—

A= 2 4 | =3||2 |0 3 = 010] 0 1 2
-3 -6 21013 9 010/, 0 0 |0
i Rt Bl | I e VY
a, = 2a, | r,=2r,
a. = —a,+a, ro = —r+r,
a, = —b5a;—3a;+2a, re = —5r;—3r;+2r,

The non-pivot columns are the linear combination of the

previous pivot columns.




Independent E j @Xj
3X3

ES k
All columns are
independent *oOK
k k

Every columniis a

pivot column
RREF 1

Every column in - T
RREF(A) is standard |
vector. _ Q

%]

e S

e S

Columns are linear
independent

ldentity
matrix



Independent %3

*

All columns are
independent

*
I S
* X * *

Columns are linear

. independent
Every columniis a

pivot column

RREF

Every column in
RREF(A) is standard
vector. 0




Independent

All columns are
independent

Every columniis a
pivot column

Every column in

RREF(A) is standard
vector.

3X4

[ % * * X |

* * * *

K T S
Columns are\li

RREFI C:annot be a
lplvot column




Moo

Independent

mAM - BoE

The columns are ‘

dependent
*_
1| [ 1] [ 1] _—
o [,| 4|2} [Pependenyor
1 1 3 Independent?

More than 3 vectors in R® must be dependent.

ore than m vectors in R™ must be dependgt.




Independent — Intuition




RREF v.s. Rank



Rank
Maximum number of
Independent Columns Ak

1
Number of Pivot
Column

1

Number of Non-zero

FOWSs

O© W O N




Properties of Rank from RREF
Maximum number of
Independent Columns

.. I S
Number of Pivot Rank A < Min( Number of
Column columns, Number of rows)

Rank A < Number of columns

Number of Non-zero

» Rank A < Number of rows

e ——

FOWSs




Properties of Rank from RREF

Matrix A is full rank

e Given a mxn matrix A:

* Rank A < min(m, n)

e Because “the columns of A are independent” is
equivalent to “rank A=n" ) !
\Vl

if Rank A = min(m,n)

* If m<n, the columns of A is dependent.

B {HHHH“’""

3X4 A matrix set has 4 vectors
RankA <3 belonging to R3is dependent

* In R™, you cannot find more than m vectors that are
° I S
independent.



Basic, Free Variables v.s. Rank

Ax =0b ~
r1 +2x9— x3 +2x4+515=2 T1+2x9 —T5=-9

—x1 —2x9+ 3 +2x4+3x5=0 X3 =—3
201 +4x9—3x3+ 214 =3 Ta+x5= 2
—3x1 —0x9 +2x3 +3x5=9 —06
/}
—1| |-5]]
01 1-3
1 2
0] 19 |.

331:—5—2332 + 5

non-zero row

No. column — T3=—3
nON-zero row Ty=2— T




Rank

Rank Maximum number of
Independent Columns

Number of Non-zero
rows of RREF

Number or PIVO

Column

Number of Rasic
Variables

Number of Free
Equations

Nullity = no. column - rank

|| Number ot zero rows

i of RREF




RREF v.s. Span



Consistent or not

* Given Ax=b, if the reduced row echelon form of [ A
blis )
!
—2
@\& b is in the span of
0 the columns of A

e Given Ax=b, if the reduced row echelon form of [ A

o OO =
O O~ O
O O NN W

blis ¢ _
N
O 1 2 0
100 0 1] b is NOT in the span
O 0 0 0 of the columns of A

0-_x1+0-x2+0-x3=1



Consistent or not

The RREF of [A b] is

H

Only the last

Ax =b is inconsistent (no solution)
— =

column is non-zero

Rank A # rank [A bl Need to know b




Consistent or not

Ax =b is consistent for every b

$

RREF of [A b] cannot have a row whose
only non-zero entry is at the last column

$

RREF of A cannot have zero row

$

Rank A = no. of rows



*

Consistent or not #I E } ﬂ

pxn oy M e 3 independent columns

r N = L T
Eé; zﬁis consistent
“ Rank A = no. of rows

for every b

o < =M\
Every b is in the span of the columnsof

A= [a; - an]

Every b belongs to Span{y,_ - —Qn}

Span{&ﬁi ,an} = R™

m independent vectors can span R™

— " — "

‘ More than m vectors in R™ must be dependent.




m independent vectors - More than m vectors in

can span R™ R™ must be dependent.
x\

» Consider R2 t a

1 1 1 1
Does § = o, 1|, 11}, —2 generate R37?
0 0 1 1 yes



Full Rank: Rank =n & Rank = m

X %

* The size of Aismxn W * %
RankA=n [y

A is square or =78 * O

* 3

AX = b has at most
one solution

11
RREF of A—

The columns of A are

linearly independent.

¥

All columns are pivot
columns.




Full Rank: Rank =n & Rank = m

* The size of A is mxn

N2k
Rank A=m L

A is square or Z&HH

[oTo ] R
olofo |8

Every row of R contains a pivot position (leading entry).

Ax = b always have solution (at least one solution) for
x

every b in R™.

The columns of A generate R™.




